A theoretical analysis upon the four-dimensional (4D) spatio-temporal temperature dependent dynamics of 888 nm pumped Nd:YVO 4 dual-rod laser is established, which is valid in both continuous-wave (CW) and acousto-optic (AO) Q-switched pulse lasers conditions. Our model can accurately solve the 4D thermal generation and temperature evolution not only in the steady Q-switched state, but also in the first few unstable giant or dwarf pulses region. Factors including ground state depletion (GSD), energy transfer upconversion (ETU), fluorescence branching ratios, temperature-dependent cross sections and nonradiative relaxations processes are comprehensively considered for precisely estimating thermal effects, valid in both the steady pulse region and the unstable region at the beginning. Moreover, temporal and spatial temperature profiles and their coupling effect on output properties at different repetition-rates are discussed. Experiments of high-power high-repetition-rate 888 nm end-pumped Nd:YVO 4 dual-rod CW and AO Q-switched lasers are also firstly presented and the experimental results enjoy good consistency with our theory.
Introduction
As a new generation of in-band pumped neodymium lasers with a low-quantum-defect, 888 nm pumped Nd:YVO 4 lasers have drawn much attention ever since it was first reported in 2006 [1] , with its first high-power high-efficiency Master Oscillator Power-Amplifier (MOPA) system built in 2007 [2] . Nd:YVO 4 enjoys large absorption and stimulated emission cross sections that may easily lead to high gain but weak thermal property due to the low thermal conductivity and high energy transfer upconversion (ETU) coefficient. In addition, an 888 nm pumping scheme is an effective way to compensate thermal effect for output properties upgrading in Nd:YVO 4 laser, which has been widely used in Q-switched [3] , mode-locked [4, 5] oscillators, pulse amplifiers [6, 7] and optical parametric technology [8] . In particular, high-power Q-switched neodymium pulse lasers are widely used in laser machining manufacture [9] and the thermal effect is a key factor. Thus, it is significant to make a complete thermal analysis model in the 888 nm pumped Nd:YVO 4 high-power Q-switched pulse laser.
The upper level lifetime of Nd:YVO 4 is much shorter than that of Nd:YAG [10] , which may limit the energy extraction in a Q-switched laser. Using dual-rod or multi-rod is an effective way to upgrade output power in a solid-state laser [11, 12] . In 2010, Yan et al. [13] used a dual-rod scheme in acousto-optic Q-switched 808 nm pumped Nd:YVO 4 and Nd:YAG lasers and made the comparative
Theoretical Model

AO Q-Switched Laser Dynamics
The energy levels and manifolds for trivalent neodymium in Nd:YVO 4 noted by corresponding wave numbers are depicted in Figure 1 . In the Nd:YVO 4 888 nm in-band pumping scheme, the ions in Z 2 sublevel of ground state manifold 4 I 9/2 are directly pumped to the laser upper level that R 1 sublevel of manifold 4 F 3/2 and lasing at 1064 nm, which is usually analyzed as a quasi-three-level system. According to our previous work [23] , the rate equations including GSD, ETU, CR and fluorescence branching ratio are established as: 
where r = (x, y, z) is the position vector in laser crystal, t is time, n i and τ i (i = 0, 1, 2, 3, 4) are the population density and the lifetime of the lowest five manifolds, respectively. n up and τ up are the population density and lifetime of ETU manifolds, respectively. β 4i (i = 0, 1, 2, 3) is the fluorescent branching ratios from the fourth manifold to the i-th manifold, R p is the pumping rate, W up is the upconversion coefficient, W cr is the cross relaxation coefficient, and W 41 (W 14 ) are stimulated radiation (absorption) rate. The total density of Nd 3+ ions n tot = n 0 + n 1 + n 2 + n 3 + n 4 + n up . For each energy manifold lifetime τ i , we have [24] ,
where τ i,sp (τ i,nr ) is the spontaneous radiation (nonradiative) transition lifetime of the i-th manifold, and the total transition rate is equal to the sum of spontaneous radiation rate and nonradiative transition rate. According to Einstein's theory of stimulated emission, W 41 = W 14 = W s . R p and W s are given by:
where c is the speed of light in vacuum, h is the Planck constant, σ ap (σ es ) is the effective absorption (emission) cross section of pump light, ν p (ν s ) is the frequency of pump light (laser) that is equal to c/λ p (c/λ s ), I + p (I − p ) is the intensity of forward (backward) propagating pump light, I + s (I − s ) is the intensity of forward (backward) propagating laser, and n c is refractive index of gain medium. For a-cut uniaxial crystal Nd:YVO 4 used in this work, the tiny difference of refractive indexes of ordinary light and extraordinary light can be neglected, thus we regard n c = (n o + n e )/2 approximately. The spatial and temporal distributions of σ ap and σ es are nonuniform due to the influences of the temperature and heat generation distributions and the relationship has been detailedly studied in our previous work, the SDTI model [23] . The cavity, gain medium geometry and the corresponding coordinate frames are depicted in Figure 2 . Supposing that the propagation direction of the laser and pump beam is the z-axis direction, the conversion relations among intensity I ± s (I ± p ), photon density φ ± s (φ ± p ), and power P ± s (P ± p ) along the propagation direction can be obtained as:
where ω + p (ω − p ) is the radius of forward (backward) pump beam, and ω is the radius of laser beam. The distributions of pump and laser beams has been studied in previous work [14, 23] . In the gain medium, the coupled rate equations for laser and pump photon density propagation are given by:
where S is the rate at which spontaneous emission is added to the laser emission and population inversion ∆n = n 4 − n 1 . The value of S is a very tiny at about 10 −11 order in this system according to previous research [22] . Equations (12) and (13) are used for solving the power distributions in crystals. Actually, the speed of light is much larger than the speed of producing a Q-switched pulse. The intracavity photon density can be defined as φ s (t) = φ + s (r, t) + φ − s (r, t)dV/V m , where volume differential dV = dxdydz and the mode volume V m = l 0 πω 2 (z)dz. Thus, we use the rate equation for the intracavity laser photon density to solve the output power, which is given by [22] :
where l c is the length of each laser crystal, the total length of gain medium in cavity should be 2l c because of the dual-rod scheme studied in this work, l eff is the effective cavity length, τ r = 2l eff /l c is the round-trip transit time of light in the resonator, L is the intrinsic diffraction loss, T oc is the transmittance of laser output coupling mirror, and δ m is the loss devoted by the acoustic optical modulator (AOM). ∆n here is defined as the spatial average of the population inversion for both crystals. For the investigated dual-rod AO Q-switched laser resonator with two identical laser crystals,
, where l m and n m is the length and refractive index of AOM, and l is cavity length. The pump intensity can be seen as steady state, because the pump light is continuous-wave high-power in this work. According to Ref. [25] , the loss function of AOM is
where T is the period of Q-switch, δ 0 is the running ultrasonic wave diffraction loss of AOM, t on is the running time of AOM in each period and t s is the intrinsic turnoff time of AOM. Actually, this function ignores the short process of loss variation at the beginning in each period, i.e., a step point at t = (n − 1)T, which barely affects the pulse producing process. The output laser power is given by:
Thermal Analysis
The heat generation in laser crystal is caused by the total nonradiative transition processes, in which the power of photon is transformed into heat by multi-phonon relaxations [22, 24] . For precisely calculating spatial and transient heat generation, the coupled rate equations and heat conduction equation must be solved. The total thermal power density is the sum of products of energy gap between each pair of manifolds multiplying the corresponding nonradiative transition rate, that:
where ∆E ij is the energy gap between manifolds i and j. The energy of each manifold here is in the form of wavenumber, λ = 1/λ. In the Nd:YVO 4 888 nm in-band pumped scheme, the heat generation is mainly due to the decays from 4 I 11/2 and ETU manifolds, nearly all of which are nonradiative transitions [6, 22] . The ETU induced downward transition is mainly to the 4 I 11/2 manifold and the CR effect is much weaker than ETU so that the CR can be neglected here [20, 22, 26] . Thus, the thermal power density distribution can be simplified as:
where λ f is the average fluorescence wavelength. For anisotropy medium, the thermal conductivity is a tensor and we also considered temperature-dependent thermal conductivity; thus, the heat conduction equation is given by:
where ρ is the density of the medium, C p is the specific heat capacity of the medium, and K x , K y , K z are the thermal conductivity along the three orthogonal principle axes. As for a-cut uniaxial crystal Nd:YVO 4 used in this work, the optical axis is set coincident with the x-axis, i.e.,
is the thermal conductivity parallel (orthogonal) to the optical axis. The temperature distribution in the laser crystal is obtained by solving the coupled initial and boundary problems of parabolic partial differential equations (PDE) of heat conduction Equation (19) . The initial temperature distribution in crystal is equal to environmental temperature T 0 ; therefore, the initial condition is:
Because the convection heat transfer coefficient with air is much smaller than with heat sink [27] , we can suppose that the crystals are approximately adiabatic with air at the end faces and have convection heat transfer coefficient H with heat sink at side faces. The boundary conditions are
∂T ∂z z=0
where w and h are width and height of crystal. Then, according to our SDTI model [23] , we can solve the temperature-dependent pump and laser intensity distributions considering coupled thermal effects.
Experimental Setup
The experimental setup of the dual-rod AO Q-switched resonator is shown in Figure 2 . Two identical a-cut 2 × 2 × 25 mm 3 low doping concentration of 0.5 at.% Nd:YVO 4 crystals water-cooled by copper heat sinks were used as the gain medium. Both end faces of the crystals were dichroic anti-reflective (AR) coated at 1064 nm and 888 nm with transmissivity higher than 99.9% and 98%, respectively. The crystals were pumped at 888 nm ( 4 I 9/2 → 4 F 3/2 ) and lasing at 1064 nm ( 4 F 3/2 → 4 I 11/2 ) as a quasi-three-level system for reducing thermal effect. The dual-rod and dual-end pumped geometry was chosen to enhance the pump power. A symmetrical Z-shape cavity with the AOM at the center for intracavity Q-switching is designed to obtain similar mode matching in both crystals. The AOM is with module of Ante I-QS027-2C4G-U5-ST1. The fiber-coupled laser diode module of nLIGHT NL-P4-110-0888-2-A-R01 with numerical aperture of 0.22 and core diameter of 400 µm was used in the experiment as the pump source. The temperature of the laser diode was controlled by the thermoelectric cooling module (TECM) and the center wavelength of the laser diode could be temperature-tuned by adjusting the temperature of the laser diode (LD) with TECM. The dichroic mirrors were AR coated at 888 nm and high-reflective (HR) coated at 1064 nm for lasers at the incidence angle of 22.5 • with the transmissivity more than 98% and reflectivity higher than 99.9%, respectively. A set of near aberration-free lenses were used to image the pump mode from the fiber onto the Nd:YVO 4 crystal with the pump waist radius of about ω p0 = 450 µm. The pump waist is at a distance of about 1/3 crystal length from the incident end face for each crystal. A symmetric planar-planar resonator was used with the totally reflecting mirror M1 and the output coupler (OC) M2, which has the transmissivity of 57% at 1064 nm. Actually, our resonator is operating as a compound stable cavity due to the thermal compensation management of dual-crystal, which is designed for not only reaching a good mode matching to reach high power but also outputting a stable near TEM 00 mode. The transmissivity of the output coupler is also fully optimized, which is around the maximum output case and cavity stability cannot be broken. These ideas and designs are referred to in Refs. [1, 2] . The parameters used in our numerical simulations are listed in Table 1 corresponding to our experimental systems. The output power of the oscillator was measured by the OPHIR FL250A-LP1-DIF power meter. The SPIRICON M2-200s laser beam analyzer was used to measure the beam quality. In Q-switching operation, the pulse signal was detected by a high-speed silicon photoelectric detector as well as a Tektronix TDS 3202B digital phospnor oscilloscope with 300 MHz bandwidth. The thermal imager (FLIR: T420, TLIR-T62101, with a 320 × 240 imaging resolution is used to measure the average temperature on the surface of the crystal, the measured data of which is the important guide of our numerical simulations. Because the resolution of our thermal imaging is limited and the crystal is small, it is impossible to measure the detailed temperature distribution. In our experiment, we oriented to the crystal at a tiny angle and adjusted the thermal imaging to a proper measured distance that a resolution area can approximately cover the end face of crystal. The measured temperature is approximately the average temperature at the end surface of crystal within a tolerable error.
Results and Discussion
CW Condition
For the steady CW state, time derivative terms in Equations (1)- (6) and Equations (12) and (13) in our theoretical model are zero. The pump and laser power distributions in two Nd:YVO 4 crystals can be simulated with a MATLAB procedure and the numerical results are shown in Figure 3a ,b. The intracavity circular laser powers and pumps absorption processes are shown in Figure 3a ,b. The input pump power on each crystal is 67 W and the total pump power is 134 W. As can be seen, Xtal 2 undertakes a higher forward laser power than Xtal 1 because it is near the OC. The pump absorptivity in each crystal is approximately equal due to the symmetry of the cavity. The simulated output power is 62.8 W, as can be obtained in Figure 3b , which is in accordance with our experimental result 61.6 W within the scope of tolerable error. Then, the heat generation can be calculated by using Equations (17) and (18) The steady state temperature distributions obey the heat conduction Equation (19) without the time derivative term while with the spatial boundary conditions Equations (21)- (25) . The temperature distributions within the two crystals are show in Figure 3e ,f. In the numerical simulation above, we also considered how the interaction effect between spatial temperature and temperature induces cross sections changing by using the dynamic iteration method [23] . The maximum temperature within Xtal 1 is 57.6 • C. The maximum temperature of Xtal 2 is 58.1 • C, which is a little higher than that of Xtal 1. The average temperature of Xtal 1 on the left side and that of Xtal 2 on the right side are 41.2 • C and 41.6 • C, respectively, which coincide approximately with the measured value of about 43.8 • C via thermal imager.
Q-Switched Condition
For the Q-switched condition, the power distributions in crystals should obey the 4D coupled equations, Equations (1)- (6) and Equations (12) and (13) . In addition, because the intracavity round-trip time of light is much larger than the time of pulse producing, the z-derivative terms have slowly varying functions in comparison with the t-derivative terms. Thus, the time-dependent principle barely changes with the effective average of spatial intracavity value being taken into account, as Equation (16) described. Similarly, the space-dependent principle also rarely changes with the effective average of temporal intracavity value considered. Figure 4 shows the numerical results of the temporal evolution of population inversion (a,b), heat generation (c,d) and temperature distribution (e,f) along the z-axis at the 100 kHz Q-switched condition. For clearly observing the pulse sequence, the maximum time domain span is set as 0.15 ms, before which the laser pulse can reach the steady state but the temperature pulsing growth cannot. The numerical results of output laser power pulse evolution are shown in Figure 5 by solving the coupled rate Equations (1)- (6) and Equation (16) . The simulated stable peak power is 17.5 kW and pulse width is 35.4 ns, which are corresponding with the measured value 16.2 kW and 37.5 ns within the scope of tolerance. Additionally, the weak parasitic noisy pulses are also simulated as shown in Figure 5 , which actually exist and are observed in our experiment. In our simulation model, the coupled dynamic equations without any certain periodic function hypotheses are directly solved, calculating thermal power via nonradiative transition rates and energy gaps. Thus, the first few unstable 4D heat generation pluses within two crystals can be solved, as shown in Figure 4c ,d, corresponding to the physical reality. To the best of our knowledge, almost all of previous 4D thermal analysis models [19] [20] [21] roughly expressed the thermal load as certain periodic functions using some classical formulas, thus they cannot work out the unstable region, i.e., the first few unstable heat generation periods . The comparison shows an improved accuracy of our new model for simulating 4D heat generation in Q-switched laser crystals. Just like the laser pulse sequence, the heat generation pulses in unstable regions are a mixed train of high-intensity and low-intensity pulses. Figure 4c,d show the temporal evolution of temperature growth in two crystals. After 1.5 ms, the increment of maximum temperature in each crystal is about 0.12 • C, while the temperature distributions do not reach the steady state.
The parasitic sub-pulses, as shown in Figure 5 , are usual phenomenon in active Q-switched lasers, the detailed explanation of which can be Referred to Ref. [33] . This unwanted phenomenon can be eliminated by adjusting duty cycle, but the parasitic pulses here are so weak that cannot impact on output properties. Additionally, the existing parasitic pulses can reflect the accuracy of our numerical model. Thus, we did not address it in this work. The experimental pulse duration is 37.5 ns, which is in accordance with the simulation result that 35.4 ns in a tolerable error. (a) simulation of temporal evolution of output laser power, average intracavity population inversion and acoustic-optical modulating loss, and the insert shows the detail of pulse producing. The insert shows the detail of a stable pulse, which is consistent with (b) the experimental measured pulse shape within a tolerable error; (c) the experimental temporal scope trace of output pulse sequence. Figure 6 shows the experimental results of output laser beam quality and spatial mode profile measured by our SPIRICON M2-200s laser beam analyzer. The output is near TEM 00 mode with beam quality that M 2 x = 1.113 and M 2 y = 1.147 in a stable Q-switched condition. The good measured beam quality verifies that it is proper to make the Gaussian mode assumption in our simulation. 
Beam Quality
Discussion
Through further numerical simulation, only about 1 s is needed for the temperature distributions to yield to convergence after the Q-switched system was turned on. The temporal evolution of maximum temperature in Xtal 1 at CW, 100 kHz Q-switched, 50 kHz Q-switched and nonlaser conditions are shown in Figure 7a . The (z, t)-dependent temperature distributions at CW, 100 kHz Q-switched and 50 kHz Q-switched conditions are shown in Figure 7b . It can be seen that the higher the Q-switched repetition-rate, the lower the thermal effect in crystal and the closer to the CW conditions. The nonlaser condition will cause serious thermal effects and can easily damage the crystal. We also observed this kind of damage under nonlasering conditions in our previous experiment. The main reason is that the temperature under nonlasering conditions is much higher than that of the lasering condition, which was studied in our previous work [23] . More detailed origins and principles about this are referred to in Ref. [34] . Figure 8a shows the simulation results and corresponding experimental data of average output power versus pump powers. Figure 8b shows the simulation results and corresponding measured data of average temperature on the left end face of Xtal 1 versus pump powers. We have considered the compensation of the measurement resolution of the thermal imager in the average method. These comparisons between experimental and numerical results verify the accuracy of our model in both simulating power and thermal effect domain. 
Conclusions
In this paper, we built a theoretical model based upon high-power high-efficiency 888 nm in-band pumped Nd:YVO 4 dual-rod CW and AO Q-switched lasers. In addition, an 888 nm in-band pumping scheme effectively deduced quantum defects and compensated for the deleterious thermal effects. A compound symmetrical thermal stable cavity is designed for not only reaching good mode matching to reach high power but also outputting a stable near TEM 00 mode with beam quality that M 2 x = 1.113 and M 2 y = 1.147. Moreover, the investigations of the corresponding space-time-independent 4D analysis model are also made. Complex physical processes like GSD, fluorescence branching, ETU and CR are included and the coupled effect of thermal effect and temperature-dependent cross sections are considered in our model. By our model, we can accurately simulate the 4D evolution of power, population and temperature distributions in crystals at CW and different repetition-rate conditions. Our model can solve the 4D heat generation evolution in not only the steady pulse region but also the unstable region at the beginning. Our results show that the higher the Q-switched repetition-rate, the lower the thermal effect in crystal and the closer to the CW conditions, which is corresponding with the experiment experience and physical reality. The simulated output properties and temperature principles are in good agreement with the experimental results. Our theatrical model can also be further applied in multi-rod or other Q-switched laser systems with complex cavity types for instruction power upgrade and laser machining application.
